Vector packing in finite dimensional vector spaces  by Moore, Michael H.
LINEAR ALGEBRA AND ITS APPLICATIONS 8, 213-224 (1974) 
Vector Packing in Finite Dimensional Vector Spaces 
MICHAEL H. MOORE 
University of Florida 
Gainesville, Florida 
Recommended by Ky Fan 
213 
ABSTRACT 
Let m be an integer > 2. The effect of crowding wz unit vectors x1,. . , xm into 
the real Euclidean space R, of n dimensions is investigated. In particular, several 
upper bounds for the quantity min,,jllxi - xjll are obtained. These are simpler 
than any previously known and, at least in some cases, almost as sharp. The results 
have application to the so-called maximum-dispersal (0; “misanthrope”) problem, 
an open problem recently popularized by Klee. 
1. INTRODUCTION 
For integral m > 2, put1 
4@) = max min /[xi - xjll. (1) 
Z,,...,X&Rn i#j 
IIxilj=l(l<i<tn) 
We ask for the values of the d,(m), and for m unit vectors x1,. . . , x, E R, 
whose minimum intervector distance is the maximum value d,(m). 
The problem described above, originally proposed in 1930 in the 
setting n = 3 by Tammes (a botanist), has recently been popularized by 
Klee [4]. Considerable attention has been devoted to this case (n = 3), 
the values of d,(m) and the corresponding configurations of m unit vectors 
now being known for 2 < m < 9 and m = 12 and 24. Conjectures for 
1 Throughout the paper, “1~xil” IS t h e usual Euclidean length of the vector x; 
the associated inner product of vectors x and y is denoted by “(zly).” 
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quite a few values of m < 122 have also been announced. Some of this is 
discussed in the interesting expository papers of Klee [4], [5] and Coxeter 
[l]; a list of the known results and conjectures has been compiled by 
Goldberg [2], [3]. 
Values for the d,(m) in Eq. (1) for general n and m < 2n have been 
obtained, essentially, by Rankin [7] in 1954 and more recently by Moore 
[6]; Moore has also obtained the optimizing vector configurations in 
these cases. The problem remains open for general n > 3 and m 3 2n + 1. 
[For n = 2, the solution is clear; one positions the m unit vectors at the 
vertices of a regular m-gon inscribed in the’ unit 2-sphere, and ds(m) = 
2 sin(n/m) .] 
Upper and lower bounds for d,(m) are known. The latter is due to 
van der Waerden [12]. An upper bound, due to Fejes T&h [lo], is as 
follows : 
For m > 24, a sharper but more complicated upper bound has been 
obtained by Robinson [9, pp. 471. 
A very complicated upper bound for the d,(m), valid for general n 
and m > 2n + 1, has been obtained, essentially, by Rankin [7]. 
In this paper, several upper bounds for the d,(m) are obtained. All 
are considerably simpler than Rankin’s or Robinson’s. 
2. RESULTS 
We prove the following theorems. 
THEOREM 1. For any n > 2 and 
,,VG if 12 is even, 
' V2nVi(n - l), if n is odd, 
we have 
&(m) d 2 
[ 
2 VG r((n + 1)/q l’(la-l) =
~ ~w4 I M m (m) n . (3) 
VECTORPACKING 215 
THEOREM 1'. Form>?, 
d,(m) < $1/m - 1 = M'(m). (4) 
THEOREM 2. For n 3 2, put m = 212 + 1, where 1 > 1. Then 
4(m) ,< VW - c,(m)1 = u,(m), 
where the c,(m) are defined recursively by 
(5) 
Ck (m) 
G+‘(m) = [l + ck(m)12 {Vl + [l + cAm)12 - 11 (k > 2)> 
c2W = cos(m_z+4). (6) 
The restriction on m in Theorem 1 is not particularly significant since 
m-values as small as 2n are always admissible (recall that exact values 
for the d,(m) are known when m < 2n). Moreover, it is likely, but scarcely 
worthwhile to prove, that Eq. (3) holds for smaller m than indicated. 
Notice that 
M3(m) = P > %Vrn - 1 = M’(m). 
Vm 
Thus the bound M’(m) in Eq. (4) is slightly sharper than M,(m) in Eq. (3) 
for the case n = 3; however, Eq. (4) is not as sharp as Fejes T&h’s bound 
(2). 
The bound M,(m) in Theorem 1 may be expected (as will be seen from 
the proof) to be rather loose when m is small compared with n, and in 
these cases Theorem 2 gives the sharper result. On the other hand, it is 
rather easy to show that, for n > 3, 
lim u,(m) 3 1 2 
p-2 - 1 
1-m 
2n_2 I 
so that the bound in Theorem 2 is extremely loose for large m. Figure 
1 shows a plot of the exact values of the &(m), so far as they are known, 
and of the various upper bounds, for small m. More extensive tables have 
been compiled by the author and are available to readers upon request. 
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FIG. 1. Comparison of bounds for d,(m). 
3. PROOFS OF THEOREMS 
For Theorem 1, we shall use the well known (see, for example, Fejes 
T&h [ll, pp. 1301) formulas for the volume V,(r) and surface area A,(r) of 
the s-sphere S,(Y) of radius r : 
7Cn/2p 
V?@) = r((n/2) + 1) ‘ 
27@p-l 
444 = qn/q . (7) 
It will be convenient to make use of the notion of a spherical cap on 
S,(l) = s,. By a spherical cap of angular diameter 0 with center P on 
S,, which we term a &cap, we mean the set of points Q on the surface of 
S, for which the angle QOP is less than or equal to e/2. 
Let ~~(8) denote the surface area of a &cap on S,. Although (perhaps 
surprisingly) an exact expression for ~~(6) is not known *(except when 
vz = 2 or 3), a lower bound may be obtained. The following lemma gives 
the result. 
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LEMMA 1. Forn > 2 and0 < 0 <n, 
I, 2 
z(n-1)/2 &n-l(fjp) 
r((n + 1)P) 
= a,(e). (8) 
Proof. Let us position a O-cap on S, so that its center P has coordinates 
(0, . . , 0, 1) as in Fig. 2. 
FIG. 2. A &cap projects onto an (n - 1)-sphere S,_1(sin(8/2)). 
Let x = (x1,. . . , x,) be a point on the O-cap. Then x, = (x/e,) > cos(r3/2). 
(H ere, “en’) is the nth unit coordinate vector.) Hence the vector y = 
(XI,. . .,X,-l ) E R,_, has length 
IIyIl = 1/i - x,2 < Vi - c0sz(e/2) = sin(O/2), 
so that y E S,_,[sin(e/2)]. Similarly, all points y of S,_r[sin(B/2)] may 
be projected “upwards” to a point on the &cap. Thus, the surface area 
formula of calculus and Eq. (7) give 
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= m,_lS,_i[sin(0/2)], 
= 
7c(n-1)/2 sin+l(f3/2) , 
Q(n + ~)I4 
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which is the desired result. 1 
It is straightforward, though tedious, to verify (the tightened form 
of Stirling’s approximation for factorials is used-see, for example, [8]) 
that the condition on m is enough to guarantee that there is a 0 < 19 < z 
such that 
2?6”‘2 
p. ma,(@ > 41) = r(12,2) 
The smallest such 0 is 
l’(n-l) 
0min = 2 sin-l 
[ 
2 vn r( (% + 1)/2) 
- 
m 1 M2) . (9) 
From Lemma 1, 
and so m 8,,-caps have more total area than the total surface area of S,. 
Hence any placement of m such caps on S, must involve overlapping. 
Thus, if xi,. . . , x, are any unit vectors of R,, there is an index pair 
1 < i # i < m such that 
(x&~) 2 cos(emin) = 1 _ 2 FJjr((;t~,~~12) I - 1 Z’(n-1). (10) 
For this i and i, 
and the proof of Theorem 1 is complete. 
For Theorem I’, we use the fact that ws(0) is given exactly by 
cos(e) = 241 - c0qe/2)1. 
Now, instead of choosing emin by the formula (9), we take emin to be the 
smallest 6 for which 
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mos(@ 3 A,(l) = 4n. 
We find that 
nz-2 
emin = 2 cos-r ____ 
c 1 m 
Thus m~+(f3~~,J = A,(l) = 4n, and Eq. (4) now follows by an argument 
analogous to that of Theorem 1. 
An inductive proof of Theorem 2 will be given. 
First, it is clear (as pointed out in the introduction), that Theorem 2 
holdsforn=2andanyI>l. 
Assume that the result holds for n = k (k > 2) and any 1 > 1. Put 
n = k + 1 and let x1,. . ., x~~+~, x~~+~,. . ., xZk+2+t be any unit vectors in 
R k+l. We may assume without loss that 
x2k+B+z = (0, - 11, 
(here, “0” is k-dimensional), for otherwise make a suitable orthogonal 
transformation. 
We wish to show that there is an index pair 1 < i # j < 2k + 2 + 1 
such that 
@iI%) 2 Ck+l. 
Suppose not. Then 
W) -=c Ck+lt Vl<i#i<2k+2+I. (11) 
In particular, 
so that 
Put 
%k+l > - ck+l, Vl < i < 2k + 1 + 1. 
yi = (%I,. . . > xik) E R,, Vl < i < 2k + 1 + 1. 
(12) 
Notice that at most one of the yi can be zero; otherwise Eq. (11) would 
be contradicted. 
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Suppose that one of the yi is zero. By renumbering if necessary, we 
may assume that y2L+l+l = 0, so that 
~2lc+1+2 = (0, I), 
(here, “0” is k-dimensional). From Eq. (11) we have 
%k+l = (4XZk+l+l) < ck+l> l<i<2k+l. 
Combining this with Eq. (12) gives 
lXik+ll < Ck+l, l<i<2k+Z. (13) 
But now the vectors yi/llyill (1 < i < 2k + I) form a set of 2k + I unit 
vectors in R,. According to the induction hypothesis, therefore, there 
is an index pair 1 < i # j < 2k + 1 such that 
For this i and j, Eqs. (13) and (14) give 
(xilxj) = (yilyj) + %k+lXjk+l~ 
> Ck\lYilj ll%jl + %k+lx~k+l. 
= Ck Vl &+I I'1 -&+I + Xik+lXjk+l, 
2 crl/iq-_ VG-_c,2,, - c;+l, 
= ck[l - c;+l] - c;+l, 
b ck+l. (15) 
The last inequality follows, after manipulation, from the definition of 
c~+~ in Eq. (6). 
Since Eq. (15) contradicts Eq. (ll), we must abandon our supposition 
that one of the yi is the zero vector in R,. 
It is now convenient to identify the vector among xl,. . . , xzk+l+l E Rk+l 
which has largest last component. By renumbering if necessary, we may 
suppose that this vector is ~s~+~+~. Put 
t( = XZk+l+Zk+l = max xik+l. 
l<i<zk+l+l 
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Thus 
- 1 < - ck+r <xik+r<a<l, l<i,<2k+Z. (16) 
We now inquire how large the last components of x1,. . , x2k+l can be. Put 
m(a) = max xik+r. 
l<i<Zkfl 
The following lemma gives the result. 
LEMMA 2. We have 
44 <a, for dc < 
1’ 
1 + %+1 
2 ’ (17) 
W(R) < 11 - a2 vl - ci+r + c~c~+r, for u 3 
1; 
’ +2ck+1. (18) 
Proof. The fact that Eq. (17) holds follows from the definition of 
m(a) and CL 
For Eq. (18), it is useful to speak first in geometrical terms. Figure 3 
shows the situation. By definition of a, none of the heads of the unit 
vectors x1,. . . , x2k+l E R,+l can be in the spherical cap Cl of height LX 
above the k-dimensional subspace containing yl, . . . , y2k+l. Similarly, 
Eq. (11) prevents any of these heads from being inside the spherical cap 
FIG. 3. The two spherical caps are forbidden zones for heads of x1,. . ., x~~+~. 
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C2 of angular radius COS-~(C~+~) centered about the head of ~s~+i+~. Thus 
the two caps in the figure are forbidden zones for the heads of xi,. . . , x~~+~. 
Suppose that the values of ck+i and 0: are such that C, E Cs. As is 
evident from the figure, this happens if and only if 
In this case the positions of the heads of xi,. . . , xzk+l are not limited by 
the cap Ci but rather only by C,; thus a unit vector in R,,l whose head 
falls outside of C2 on S, may have a last component as large as the one 
for the unit vector whose head lies on the boundary of Cs on the great 
circle arc through the head of xZk+l+l and the north pole-the point P 
in Fig. 3. Some simple trigonometric computationsshow that this maximum 
possible last component is 
v1 Vl - c;+i + ccc*+i. 
Thus Eq. (18) is intuitively plausible. 
The foregoing arguments may, of course, be formalized. For I < 
i < 2k + I, Eq. (11) shows that 
%+l > (xilx2k+1+1) = (YijYBk+X+Z) + a%k+b 
’ 
IlYill 
- ((.hk+l+Z(( 
= - bill )bZk+l+ll) + @-%k+l, 
= - Vl - X:k+l 1/1+ tCXik+i, 
Thus 
4 VT j/F?+ Xik+l - ackfl. 
This establishes Eq. (18) and completes the proof of Lemma 2. n 
Now, as before, the yi/llyil I E R, (1 < i < 2k + 1) form a set of 2k + I 
unit vectors in R,. The induction hypothesis ensures that there is an 
index pair 1 < i # j < 2k + 1 such that 
VECTOR PACKING 223 
For this i and i, Eq. (16) shows that 
> ckjlyill * llyjjl + %k+lxjk+l~ 
= ck lil - %fk+l v1 - +$+I + %k+l%jk+l 
>, ck v1 - m'(x) v1 - ci+l - ck+lm(a). 
If a < V(l + ck+l)/2, Eq. (17) gives 
and so 
= cck - ckck+l - ck+ll 
1 + Cktl 
____- > 
2 
= cg+1. (19) 
On the other hand, if a 3 V(1 + ck+,)/2, Eq. (18) gives 
m(a) < vl - a2 1/m + ack+l? 
< m(V(l + Ck,l)P) = vu + Ck,l)PJ 
so that again Eq. (19) holds. In either case, Eq. (11) is contradicted and 
the inductive proof is complete. 
The author wishes to express his thanks to Victor Klee for introducing 
him to this fascinating area of research. 
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